
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 17, No. 2, March-April 1994

Base Reaction Control for Space-Based Robots Operating in
Microgravity Environment

Roger D. Quinn* and Jiunn L. Ghent
Case Western Reserve University, Cleveland, Ohio 44106

and
Chuck Lawrence}

NASA Lewis Research Center, Cleveland, Ohio 44135

Specialized robots are needed for space stations to conduct experiments and operations without disturbing the
microgravity environment through base reactions and/or base motions. Approaches for controlling the robot
base include 1) manipulators with redundant degrees of freedom, 2) actuators at the robot base, and 3) a
redundant (balancing) arm. An approach making use of manipulator kinematic redundance is explored in detail
and both locally and globally optimal trajectory management schemes are discussed. The inverse kinematic
problem is solved at discrete time steps simultaneously with the minimization of the robot's base reactions.
Numerical examples are presented including various robotic configurations and degrees of manipulator kine-
matic redundance. A significant reduction in base reactions is observed in each case.

I. Introduction

T HE planned international Space Station Freedom will
provide microgravity laboratories for basic research and

manufacturing. Efficient and continuous utilization of these
laboratories, as well as future capitalization of space, will
depend on robotic manipulators for conducting experiments
and performing processes. A unique requirement of these
manipulators will be to operate without adversely disturbing
the microgravity environment. To fulfill this specialized re-
quirement, "reactionless" robotic systems are envisioned that
provide experiment and manufacturing capability, specimen
handling, and multipurpose transport in cooperation with hu-
man activity. These robotic systems will minimize crew mem-
ber involvement in addition to permitting acceleration sensi-
tive operations to be performed.

Two related control problems are associated with the opera-
tion of robots in a microgravity environment.1 The first is the
transportation of specimens without exceeding microgravity
accelerations on the specimens themselves. The transportation
of objects at microgravity acceleration levels requires precise
trajectory planning for the robot's end-effector and, obvi-
ously, requires very slow manipulations. Optimal trajectory
planning to minimize the mission time is clearly desirable.

Special attention also must be paid to the manipulator joint
design, since conventional manipulators may not be able to
operate smoothly enough to execute microgravity level maneu-
vers due to inherent friction, backlash, and torque ripple. A
conventional industrial robot can perform, at best, milli-g
manipulation, three orders of magnitude too large for micro-
gravity requirements for space.2 Specialized robotic joints, for
instance, with traction-driven transmissions, have been pro-
posed for overcoming this limitation, but experimental verifi-
cation is not yet available.3'7
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The second control problem is associated with the operation
of the robot without transmission of dynamic disturbances to
the surrounding environment. For every motion of the manip-
ulator there will be a counteracting reaction at the manipula-
tor base. If these reactions are not controlled, they may be
transmitted to the laboratories where they may disturb the
microgravity environment. Earth robots often employ massive
bases to act as reaction masses, eliminating base motions and
absorbing base reactions during the robot's operation. Space-
based robots may not have this luxury due to orbital mass
minimization requirements. Hence, the base motions must be
eliminated or controlled by other means. The simplest solution
for reducing base reactions is to move the robot arm slowly.
For situations that permit high accelerations at the end-effec-
tor, such as the transportation of nonsensitive test equipment,
swifter motions are desirable. Under this condition, devices or
specialized trajectory planning strategies that compensate for
the resulting base reactions must be employed. If the robot is
free-floating, then similar strategies could be used so that the
motion of the base does not obstruct, or collide with, other
activities.

This paper is concerned with methods of reducing base
reactions/motions of space-laboratory robots so that they
may operate without transmission of significant dynamic dis-
turbances to the surrounding environment. The application
and performance assessment of trajectory planning strategies
for minimizing the base reactions of kinematically redundant
robots is discussed in detail. In Sec. II, the robot dynamics and
the ensuing base reactions are discussed. In Sec. Ill, two
alternate methods for base reaction control, actuation at the
robot base and a balancing arm approach, are discussed. In
Sec. IV, another method of base reaction control involving the
use of kinematically redundant manipulators is pursued in
detail. Two trajectory planning strategies, one using a local
optimization approach and the other a global approach, are
discussed. An implementation of the local approach is de-
tailed. Section V presents results, using the local approach, for
both two- and three-dimensional robot manipulators with
varying degrees of kinematic redundancy. The performance of
the local optimization approach is assessed.

II. Robot Dynamics
A typical robotic task requires transporting an object

gripped by the end-effector through a trajectory. The object
(assumed to be rigid) has six degrees of freedom, so the
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manipulator must have at least six degrees of freedom pro-
vided by its joints to orient and position the object arbitrarily
in space.

The equations of motion may be developed in terms of the
n joint coordinates and six coordinates representing the base
motion. If the base motion is then specified as null, the result-
ing base reactions are obtained. The equations of motion in
general form may be expressed in terms of the n joint coordi-
nates as

M(q)q + C(q,q) = (1)

where Mis an (n + 6) x n inertia matrix and C is an (n + 6) x 1
vector of Coriolis and centrifugal terms, QQ = [F% A/J] and
Q are the vectors of forces and moments at the base and at the
joints, respectively. For Earth-based robots, many of the
Coriolis and centrifugal terms are relatively small and often
are neglected.8 However, for space-based robots, these terms
may be significant, particularly relative to microgravity level
accelerations.

Let p be a set of six variables describing the position and
orientation of the end-effector, and let q be a set of n variables
describing the joint configuration. The relationship between p
and q depends on the kinematics of the manipulator. In gen-
eral, the path variable p is a nonlinear function of the joint
variables q or

p =p(q) (2)

Given the joint variables, Eq. (2) provides the corresponding
end-effector position and orientation. However, in typical
robotic applications, the end-effector path is specified and the
corresponding joint variables must be determined. This prob-
lem is known as the inverse-kinematics problem since it re-
quires the inversion of Eq. (2). In general, this inversion is not
straightforward because Eq. (2) is nonlinear.

The inverse-kinematics problem is more easily solved in
differential or velocity form. Differentiating Eq. (2) with re-
spect to time, the velocity form of Eq. (2) can be expressed as

P =
where the Jacobian matrix is defined as

(3a)

If n =6, the Jacobian is square and the inverse of Eq. (3a) is
straightforward, assuming that the Jacobian is nonsingular. If
n > 6, then there are redundant degrees of freedom in the
manipulator and an infinite number of solutions exist. In this
case, a particular solution may be chosen on the basis of an
optimization strategy.8

III. Base Control Using Actuation at Robot Base
or Balancing Arm1

The most straightforward method of base motion/reaction
control is to provide actuators at the base that supply forces
and moments that cancel the reactions resulting from the
robot motions. A combination of three-axis control moment
gyros (CMG) and three-axis proof mass actuators (PMA),
theoretically, can nullify the base moments and forces. The
CMG may be eliminated by using the proper combination of
six PMAs.

Control strategies that nullify base reactions also produce
null acceleration of the base when the base is not attached to
the space station. Controlled base motion is essential to enable
free-flying robots to perform precise manipulations. Hence,
the control schemes for minimizing base reactions are equally
applicable for free-flying robots. If, in addition, thrusters are

provided at the base, theoretically the robot can become mo-
bile for use throughout the laboratory.

Control algorithms for actuators positioned at the base are
relatively straightforward because the manipulator control
problem may be performed independently of the base control.
The base control forces and torques follow directly from the
manipulator dynamics once its task has been defined. First,
the manipulator task is planned and the inverse-kinematics
problem is solved to obtain the necessary joint motions. The
manipulator dynamics then are used to determine the reac-
tions at the base. Finally, the base actuators are used to negate
the base reactions. An additional closed-loop control strategy
could be implemented to fine-tune the performance. Although
this approach is relatively straightforward, it does require that
additional mechanisms and, therefore, mass be added to the
system. If CMG and PMA are used, the momentum manage-
ment of these devices then becomes an additional problem and
drawback to this approach.

Instead of actuators at the robot base, a redundant arm
sharing a common base with the worker manipulator arm may
be used as a dynamic counterbalance mechanism. In normal
walking, humans use their arms in this way to maintain bal-
ance and reduce joint loads. When reactionless operation is
necessary, the balancing arm can move so as to produce equal
and opposite base reactions of the worker arm, nullifying the
net base reactions. So that all forces and moments are control-
lable, the balancing arm must have at least six degrees of
freedom. When the balancing arm is not needed for counter-
balancing, it can act as a second worker arm, increasing the
task adaptability of the robotic system.

The block diagram of Fig. 1 illustrates a control strategy for
a robotic system consisting of two manipulator arms where
one of the arms (ARM2) acts as a counterbalance for the
worker arm (ARM1). Output from ARMl's dynamic model
includes the predicted base reactions, which are input to
ARM2's inverse-dynamic model. The output from the latter
block is joint motion of ARM2, which will cause base reac-
tions opposite those of ARM1. This information is then input
to the dynamic model of ARM2 to produce the necessary
feedforward joint torques. The measured base reactions are
then fed back to ARM2's controller for fine-tuning the dy-
namic balancing.

IV. Base Motion Control Using Trajectory Planning
Strategies for Kinematically Redundant

Robot Manipulators
A robotic manipulator is kinematically redundant if its

number of degrees of freedom is greater than that required to
accomplish the desired end-effector motion. As discussed in
Sec. II, for manipulators having redundant degrees of free-
dom there are an infinite number of possible joint motion
trajectories that will satisfy a specified end-effector motion.
By utilizing an appropriate optimization strategy, the combi-
nation of joint motions that minimizes the resulting base
reactions may be determined.

Quinn and Lawrence proposed the use of a particular per-
formance function for minimizing base reactions for kinemat-
ically redundant space-based manipulators.1 Essentially, the
method entails using the kinematic redundancies to move
parts of the manipulator dynamically opposite the other parts
of the manipulator and end-effector, such that momentum is
nearly conserved. The procedure employs an optimization
strategy for identifying the joint motion solution set that
minimizes the resulting base reactions. Figure 2 is a block
diagram illustrating the method.

The trajectory planning problem is formulated for kinemat-
ically redundant manipulators where the cost is defined as the
sum of the weighted squares of the base reactions or, in matrix
form

G = MT
EWMMB (4)
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Fig. I Control strategy for robot with a redundant arm.

TASK
SPECIFICATIONS

P( t )

P(t) = END EFFECTOR TRAJECTORY

P ( t ) / \ -P( t ) ( M E A S U R E D )

JTRAJECT
"fflffiM™

MODEL

OPEN
LOOP

TORQUE >

AP

FEEDBACK
CONTROLLER

DRIVE
TORQUE

TRAJECTORY
(MEASURED)

<•
///////

MANIPULATOR

P ( t )

REACTIONS
TO STATION

Fig. 2 Control strategy for manipulator with kinematic redundance.

where FB and MB are vectors of base forces and moments,
respectively, and WF and WM are weighting matrices. Consid-
ering the manipulator dynamics described by Eq. (1), the
quadratic cost function of Eq. (4) is a function of the joint
variables and their time derivatives or

G = (5)

There are two types of tasks a manipulator must perform in
robotic applications. One type requires the end-effector to
follow a specified path, such as in arc welding. In the other
type, the end-effector must move from one location to an-
other, following no particular path, for example, transferring
supplies or spot welding. In either case, the joint trajectories
may be chosen to optimize a performance criterion, which will
minimize the manipulator base reactions.

The cost function, Eq. (4), may be minimized at discrete
time increments or integrated over the time of the entire trajec-
tory path and then minimized. The former is referred to as the
local approach because it involves local minimization of the
base reactions, whereas the latter is referred to as the global
approach because it entails global minimization over the entire

trajectory. The local approach has been formulated for situa-
tions where the end-effector path is predefined, whereas the
global approach has been formulated for cases where the
entire end-effector path is defined, as well as when only the
end-effector end points are specified.

A. Global Optimization
If the end points of the path, p =p(t = 0) and p =

p(t = T), are specified but the path is not, Eq. (1) can be
integrated over time, forming a cost functional, which can be
expressed as

G(q,q,q)= B + M*WMMB) dt (6)

The first variation of this functional yields a necessary condi-
tion for optimality, which can be expressed as

(7)
>-v i i i/v^ i/v_» ^ v\_»

"q dq dq
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With the manipulator state specified at the end points, integra-
tion by parts leads to the Euler equations

dt\dq
=

dqt ~ (8)

The solution of these n coupled ordinary differential equa-
tions is the time history of the n joints, which will produce an
end-effector path that satisfies a necessary condition for mini-
mizing the base reactions.

An approximate solution based on the Rayleigh-Ritz tech-
nique was introduced by Schmitt et al.9 The joint variables are
expressed as a linear combination of 772 admissible functions
<j>(t) satisfying the boundary conditions or

q = (9)

where C is a matrix of coefficients to be determined. Introduc-
ing Eq. (9) into Eq. (5), noting that the independent variables
are now the coefficients of C, the necessary conditions for
minimization of the cost can now be expressed as

dG = \ -—dt=0 ij = 1, 2, . . ., n (10)
Jo dC//

Since the time-dependent portions of Eq. (9) are known, it can
be integrated producing n x m nonlinear algebraic equations
to solve for the coefficients of the matrix C.

Chung and Desa used a global approach to minimize base
reactions of a kinematically redundant manipulator where the
end-effector path was specified.10 Their solution method used
the Rayleigh-Ritz method as shown previously, but the shape
functions were partitioned into three sets that were valid at the
beginning, middle, and end of the path, respectively. The
partitioning of the joint trajectories into three sets reduces
computational effort and maintains most of the advantages of
the global optimization approach.

B. Local Optimization with Specified Path
If a manipulator has redundant degrees of freedom, the

base reactions can be minimized even if the path is specified.
In this case, the cost functional of Eq. (4) could be minimized
subject to the six constraints expressed by Eq. (3a) where p(t)
is the prescribed position and orientation of the end-effector.1

DeSilva et al. presented a solution for the local trajectory
planning problem by developing an optimization method for
the trajectory design.11 This solution entailed the evaluation of
the cost function, Eq. (4), at discrete time increments along
the trajectory path. The method is applicable to situations
where the end-effector path is predefined. The base reactions
and, hence, G are functions of the joint variables and their
time derivatives as in Eq. (5).

From Eq. (3b), the Jacobian matrix is a 6 x n matrix (n is
larger than 6 for a redundant manipulator), and Eq. (3a) does
not have a unique inverse-kinematic solution. As in the gener-
alized inverse method, six of the joint variables are expressed
as functions of the remaining n - 6 redundant joint variables
based on Eq. (3a).12 Hence, the variables in the cost function
in the optimization scheme are reduced to the redundant joint
variables only.

In the spirit of the generalized inverse method, the Jacobian
matrix is partitioned into two matrices: one a nonsingular
matrix, the other a redundant matrix. Similarly, the joint
variables can be partitioned as nonsingular and redundant
joint variables, which correspond to the nonsingular and re-
dundant partitions of the Jacobian. Hence, Eq. (3a) can be
expressed as

p = Jq=[Jn Jr]\qn \=Jnqn+Jrqr OD
LtfrJ

where, in the most general three-dimensional case, /is a 6 x n
matrix, Jn is a 6 x 6 matrix, and Jr is a 6 x (n — 6) matrix.
Also, p is a 6 x 1 vector, qn is a 6 x 1 vector, and qr is a
(n - 6) x 1 vector. Taking the time derivative of Eq. (11), the
acceleration of the end-effector can be expressed as

P = (12)

Since Jn is assumed to be nonsingular, the nonredundant
variables in Eqs. (11) and (12) can be expressed in terms of the
redundant variables and the specified end-effector trajectory
or

(13)

qn = p - lJrqr

(14)

The joint trajectory at any arbitrary time can be expressed as
the joint trajectory at the end of the previous time step plus the
incremental joint motion during this time step or in equation
form

q = (15)

where q0 is the value of q at the previous time step. Substitut-
ing the variational form of Eq. (13) into Eq. (15) yields the
following expression:

Note that the subscript 0 implies values evaluated at the previ-
ous step at any arbitrary time t and / denotes an (n - 6) x
(n - 6) identity matrix. Therefore, the joint configuration can
be obtained approximately from Eq. (16) in a step by step
discrete-time approach.

Once the preceding steps have been completed the cost can
be expressed as a function of the redundant variables and their
time derivatives, or G(qr,qr,qr). Up to this point, the solu-
tion developed by deSilva has followed the generalized inverse
method. However, to avoid the difficulty of finding the func-
tions of time denoted by qr, the local optimization method
now makes use of the Rayleigh-Ritz technique. In this way the
redundant joint variables are transformed to a new set of
independent variables using shape functions, which are time
dependent. In the optimization scheme, the new set of inde-
pendent variables are chosen to minimize the cost function.

The Rayleigh-Ritz technique is used to discretize the joint
trajectories in time. Let the time derivatives of the redundant
joint variables be expressed as

qr(tf (17)

where 0<r< A/, At = (ti+ i - t{) and qr is an (n - 6) x 1 vec-
tor; (R is an (n - 6) x m matrix of unknown coefficients; f(r)
is a known set of m shape functions that is used to represent
the variation of qr within a trajectory time step. The shape
functions are chosen as the set of polynomials

rV2!, (18)

Taking the time derivative of Eq. (17), the redundant joint
acceleration equation becomes

qr = (R/(r) (19)
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Furthermore, inserting the variational form of Eq. (17) into
Eq. (16), the joint variables can be expressed as

0/Jo O 4 P + " '\®f(rW (20)

where dt is the time difference for each trajectory segment.
The cost can now be expressed as a function of the coefficients
of the matrix (R or G = G((R).

Because of the complexity of the cost function equation,
formulating its gradients is difficult. Hence, numerical meth-
ods, such as PowelPs method with no numerical computation
of the gradient or the quasi-Newton method with the gradient
determined by numerical differentiation, are required.

Given the initial joint configuration, a numerical optimiza-
tion scheme produces the matrix (R of Eq. (17), which, at the
beginning of each time step, minimizes the base reactions
evaluated at the end of the time step or

(21)

given the initial dynamic state and the kinematic path con-
straints. The joint variables at the next time step are computed
using Eqs. (17) and (20). This procedure is repeated until the
end-effector reaches the final configuration.

C. End Effector Trajectory Generation
An important step in limiting base reactions is permitting

only smooth, finite jerk end-effector motion whenever possi-
ble. Curtate cycloidal motion is used because it is well known
that it has the desired properties of limited acceleration and
jerk.

For the purposes of the numerical examples that follow,
straight line end-effector motion from a specified starting
position and orientation to a specified final configuration are
considered. The end-effector is specified to move along a
straight line and rotate so that the required orientation can be
reached at the final point of the path.

Let the direction of the straight line path be denoted by the
unit vector u and the position of the end-effector along this
path beXO- Also, let the unit vector K denote the direction of
the axis of rotation and the angle of rotation be defined as
0(0- Then both the linear and angular velocities of the end-ef-
fector can be expressed as13

(22)

According to curtate cycloidal motion, both y(t) and 0(0
are varied and synchronized with respect to the time variable.
The time t and the end-effector motion can be expressed in
terms of a new parameter p as

= k [ p - c s i n ( p ) ]

&iU -cos(p)]

0(p) = b2[\ - cos(p)]

(23)

(24)

(25)

where k, b{9 62>0, 1 >c>0, and 2?r > p > 0. The linear and
angular velocities of the end-effector are zero at the starting
point, p = 0, and at the final point, p = 2ir. The maximum
accelerations and jerks occur at p = cos"1^) and p = 0, 2?r,
respectively. Parameters b\> b2, and c can be chosen to satisfy
the desired acceleration and jerk limits.

V. Numerical Results
A generalized computer formulation based on the local

optimization approach was developed to examine the effec-
tiveness of the base reaction minimization strategy. The for-
mulation is general in that two- or three-dimensional robotic
manipulators with any number of link and revolute joint

combinations may be considered, and the end-effector path
can be specified as either translational only or translational
and rotational. Note that the dimensionality of the nonredun-
dant joint variables varies according to the dimensionality of
the robot motion. For example, a planar robot, with both
translation and rotation of the end-effector specified, must
have three nonredundant joint variables.

The inputs to the computer model include the robotic link
geometries and inertia properties and joint degrees of free-
dom. The links are assumed to be rigid. The input for the
end-effector trajectory includes the initial and final configura-
tion of the end-effector, its maximum permitted acceleration,
total excursion time, and number of discrete time steps. The
initial joint configuration also must be specified. A straight
line end-effector path is assumed between end points.

In each case, the objective is to determine the joint trajecto-
ries of the robot that will cause the end-effector to follow the
desired path and minimize its base reactions. The shape func-
tions are chosen as in Eq. (19) with m = 3 (constant jerk). The
paths are divided into 20 equal time steps and dimensions are
in Newtons, meters, and seconds. It was found that an in-
crease in the number of time steps caused the sharp peaks in
base reactions to be smoothed and slightly reduced. The base
reactions are evaluated and minimized at the end of each time
step. The quasi-Newton method (with a numerical calculation
of the gradient) was found to be a reliable method of opti-
mization for this purpose. The following plots of reactions vs

Fig. 3 Three-degree-of-freedom planar robot for example 1.

0.14 0.28 0.42
TIME (SECS)

0.56 0.70

Fig. 4 Optimal cost for four initial configurations. The initial joint
angles [ql9 ql, q3] in degrees are as follows: 1) [108, -72.1, -38.1];
2) [85.1, -24.2, -82.1]; 3) [62.2, 21.7, -106.1]; and 4) [33.5, 75.9,
-109.1],
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0.14 0.56 0.70

Fig. 5 End-effector acceleration for example 1.

0.30 0.60 0.90
TIME (SECS)

1.20 1.50

Fig. 8 Base reaction performance vs time for examples 2 and 3. Curve
1 corresponds to example 3 and curve 2 corresponds to example 2.

INITIAL CONFIGURATION

0.50 1.00 1.50 2.00
X POSITION (METERS)

2.50

Fig. 6 Time-lapse plot showing optimal link trajectories for example 2.

INITIAL CONFIGURATION

0.50 1.00 1.50 2.00
X POSITION (METERS)

2.50

Fig. 7 Time-lapse plot showing optimal link trajectories for example 3.

time show only the reactions evaluated at the end point of each
time step.

A. Two-Dimensional Examples
In part 1, only translation of the end effector is specified,

whereas in part 2, both translation and rotation are consid-
ered.

1. End-Effector Translational Path Specified
In example 1, consider a three-degree-of-freedom planar

manipulator (Fig. 3) that has 1 deg of redundancy when only
translation of the end effector is specified. The three slender
links are identical. Each uniform link is 1 m in length, 1 kg in
mass, and its mass moments of inertia are Ixx = 0 and
lyy - Izz =0.75 kg-m2 in link coordinates. The desired path in
(x,y) coordinates and meters is from (2.5, 2.5) to (3.0, 3.0),
and the maximum acceleration is 7 m/s2. The initial joint
angle configuration ql, q2, q3 (relative coordinates) is given
as 85.1, - 24.2, and - 82.7 deg, respectively.

The effectiveness of the use of kinematic redundancy for
base reaction minimization depends on the initial joint config-
uration of the manipulator (see Fig. 4). The results for this
figure were generated by specifying four different initial joint
configurations (the end-effector trajectory is identical in each
case). A comparison of these plots with a plot of end-effector
acceleration vs time shown in Fig. 5 demonstrates the correla-
tion between peaks in acceleration and cost. This correlation
shows the importance of limiting end-effector acceleration for
base reaction reduction.

Consider a four-degree-of-freedom robot constructed simi-
larly to the one in Fig. 3 but with an additional 1 m long
slender link. All four links have the same geometry and inertia
as in example 1. The initial relative joint angle configuration
<?1, <?2, <?3, <?4 is given as 85.1, - 24.2, - 82.1, and - 11.5
deg, respectively, which is illustrated in Fig. 6. The maximum
acceleration of the end-effector is given as 6 m/s2. Examples 2
and 3 are similar except that in example 2 the first joint is
fixed, resulting in only one redundant degree of freedom. In
example 3, all joints are permitted to move, thus the manipu-
lator has two redundant degrees of freedom.

Figures 6 and 7 are time-lapse plots of the manipulator
configuration at several time steps during the maneuver for
examples 2 and 3, respectively. The desired path of the end-
effector is illustrated by the dashed line and arrow. The de-
sired end-effector path is not followed precisely because of the
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0 0.30 0.60 0.90 1.20 1.50
TIME (SECS)

Fig. 9 Base reaction performance vs time for examples 4 and 5. Curve
1 corresponds to example 5 and curve 2 corresponds to example 4.

0.40 0.80 1.20
TIME (SECS)

1.60 2.00

Fig. 11 Base reaction performance vs time for example 6.

.25,

LINK 3

Fig. 10 Seven-degree-of-freedom spatial manipulator.

discrete-time error in this open-loop control approach. Reduc-
ing the step size reduces this error.

Figure 8 is a comparison of the cost vs time for examples 2
and 3. Clearly, the additional redundant degree of freedom of
the manipulator of example 3 is highly advantageous in reduc-
ing the base reactions. Note that the base reactions in example
3 are not eliminated entirely but are negligible in comparison
to example 2. Typical nonoptimal cases were considered for
comparison where the Ritz coefficients were maintained as
constants throughout the maneuver. In this case, the cost was
found to be typically at least an order of magnitude larger
than that of example 2 and two orders of magnitude larger
than that of example 3.

2. Translational and Rotational Path Specified
Consider a five-degree-of-freedom manipulator constructed

similarly to Fig. 3 but with two additional links, one of length
1 m and the last of length 0.25 m. Both translation and
rotation of the end-effector path are to be specified. Specifi-
cally, the end-effector is to remain horizontal while following
the specified straight line path. The first four links have the

same geometry and inertia of those of examples 2 and 3. Link
5 is uniform, has a mass of 2 kg, a length of 0.25 m, and
Ixx = 0, and Iyy = Izz =0.281 kg-m2, all in link coordinates.
The initial joint angle configuration #1, #2, #3, <?4, q5 is
85.1, -24.2, -82.1, -5.73, and 26.91 deg, respectively. The
maximum acceleration of the end-effector was chosen as 10
m/s2. As in examples 2 and 3, examples 4 and 5 are similar
except that in example 4, the first joint is fixed. Figure 9 is a
comparison of the cost vs time for examples 4 and 5. As with
the previous examples, the additional redundancy is very ef-
fective in reducing the base reactions.

B. Three-Dimensional Example
Example 6 is a seven-degree-of-freedom, three-link robot

working in three-dimensional space. Joint degrees of freedom
are depicted on Fig. 10 by the joint variables ql, q2, . . ., ql.
The first two links have the same geometry and inertia as the
manipulator in example 1. Link 3 has the same properties as
link 5 in examples 4 and 5. In this task, it is desired that the
end-effector move linearly from position (0.38, 0.62, 0.68) m
and orientation (-0.47, 0.50, 0.73) radians to (0.20, -0.5,
0.2) m and (1.0,0.0, 0.0) radians in 2 s with a cycloidal
trajectory and a maximum translational acceleration of 2 m/s2

and maximum rotational acceleration of 3.351 rad/s2. Because
both translation and rotation of the end-effector path are
specified there is only one redundant degree of freedom. A
plot of the optimal cost function versus time is shown in Fig.
11. Again, note the peaks near the start and end of the motion,
which correspond to the peaks in acceleration of the cycloidal
trajectory.

VI. Conclusions
The use of kinematic redundancy for robot base reaction

reduction has been explored in detail. Both global and local
optimization approaches are discussed. In view of the appar-
ent computational complexity of the global approach, we have
chosen to consider the local approach with hopes of computa-
tional speeds that enable real-time control. A local point-to-
point trajectory management strategy, where the reactions are
minimized at the end of each time step and the end-effector
path constraints are satisfied, appears promising. Numerical
examples demonstrate that this approach is effective for re-
ducing base reactions for planar and spatial manipulators. It is
shown that by incorporating additional kinematic redun-
dancy, the manipulator has more freedom of motion, and a
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much greater reduction of base reactions may be achieved.
The effectiveness of manipulator kinematic redundancy for
base reaction reduction depends on the robot's initial configu-
ration and the specified end-effector motion. Maximum base
reactions are typically concurrent with maximum acceleration
of the end-effector. Hence, limiting end-effector acceleration
is important for reducing base reactions.
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